Abstract Consider elliptic curves E : 
Introduction and statement of main results
This note is a complement of [Q] and [QZ] . Let τ = (−1 + √ −3)/2 be a primitive cubic root of unity and O K = Z[τ ] the ring of integers of the imaginary quadratic field K = Q( √ −3). In this note, we consider the elliptic curves Sil2] ). We have the following result about the special value of 
where (− ) 2 is the quadratic residue symbol in K, C is any complete set of representatives of the relatively prime residue classes of
sponding to the elliptic curve y 2 = x 3 − 1 4
) and ω = 3.059908 · · · is an absolute constant.
There is much literature studying the special values L(1) associated to the CM elliptic curves (see e.g., [BSD] , [Z1 ∼ 3] , [Q] , [QZ] ). In [Q] , a similar result of L (1) was obtained for the Hecke character attached to some special elliptic curves
. Now for the elliptic curves (1.1) above, to obtain an explicit formula of Let Q 2 be the completion of Q at the 2 − adic valuation, Q and Q 2 be the algebraic closures of Q and Q p respectively, and let v 2 be the normalized 2 − adic additive valuation of Q 2 (i.e., v 2 (2) = 1). Fix an isomorphic embedding Q ֒→ Q 2 .
Then, via this embedding, v 2 (α) is defined for any algebraic number α in Q. The value v 2 (α) for α ∈ Q depends on the choice of the embedding Q ֒→ Q 2 , but this does not affect our discussion in this paper.
By Corollary 22 of [CW] , we know that
For its 2−adic valuation, we have
, and let ψ D 3 be the Hecke character of Q(
Proofs of Theorems
Proof of Theorem 1.1. For the elliptic curve E D 3
T , it has complex multiplication by O K . Since the class number of K is 1, the period lattice of
, it is easy to show that the conductor of
T , and
) (see the Lemma 4.7 in [GS] ), and then
, where C is as in Theorem 1.1, a set of
Note that H 1 (z, 0, 1, L) could be analytically continued by the Eisenstein E * −function (see [W] ):
Since D ≡ 1(mod 12), we have 6c + D ≡ 1 (mod 6) for any c ∈ C. In particular, 2 6c+D 3 = 1 (see [IR] , P.119). So by definition (see [Sil2] , p.178),
Moreover, by the quadratic reciprocity law in K (see [Le] , pp.256∼260), we have
the last equality holds because
= 1 (see [Le] , p.111). Therefore, by (2.1) above, and note that
, we obtain
So by (2.2) above, we get
By [QZ] , it is easy to see that . By the addition formula (see [Law] )
, we obtain . Note that [La] , p.16, p.240). Also by [St] and [QZ] , [Sil1] , p.169), it is easy to see that ℘(
is a point of order 2 of the elliptic curve y 2 = x 3 − 1 4 mentioned above, one can easily obtain that
So by the addition formula of ζ(z, L ω ) above, we get
Moreover, for any α ∈ L ω , we have
(see [QZ] ). Putting
and α = ω, then we obtain
Also by taking u = in the formula (see [Law] , p.161)
10)
,
Then by taking u = ω 6
and v = ω 3 in the formula (2.10) above, we get
Now, by substituting these values into the addition formula of ℘(z) (see [Law] , p.162), we have
Next, by putting u = ω 6
and v = τ ω 3 into the following formula (see [Law] , p.183, Exer. 15)
Again by the addition formula of ζ(z, L ω ) above, we get
, and then by (2.5) we obtain
Substituting it into (2.4) and (2.3), we obtain
Since D = π 1 · · · π n with π k ≡ 1 (mod 12), so we may choose the set C in such a way that −c ∈ C when c ∈ C. (1 − 3 1−r ) = 0 in the lemmas 2 and 1 in [St] , by the above (2.14), it then follows that
